A new approach that is a combination of classical thermodynamics and macroscopic kinetics is offered for studying the nucleation kinetics in condensed binary solutions. The theory covers the separation of liquid and solid solutions proceeding along the nucleation mechanism, as well as liquid-solid transformations, e.g., the crystallization of molten alloys. The cases of nucleation of both unary and binary precipitates are considered. Equations of equilibrium for a critical nucleus are derived and then employed in the macroscopic equations of nucleus growth; the steady state nucleation rate is calculated with the use of these equations. The present approach can be applied to the general case of non-ideal solution; the calculations are performed on the model of regular solution within the classical nucleation theory (CNT) approximation implying the bulk properties of a nucleus and constant surface tension. The way of extending the theory beyond the CNT approximation is shown in the framework of the finitethickness layer method. From equations of equilibrium of a surface layer with coexisting bulk phases, equations for adsorption and the dependences of surface tension on temperature, radius, and composition are derived. Surface effects on the thermodynamics and kinetics of nucleation are discussed.
Introduction
Binary nucleation covers a wide class of processes of phase transformations which can be divided into three groups: (i) gas-liquid (or solid) transformations, (ii) liquid-gas transformations, and (iii) transformations within a condensed state. The first group includes the binary droplet nucleation in a mixture of vapors of two substances [1] [2] [3] [4] , whereas the second group involves the bubble nucleation in binary fluids [5] [6] [7] . The third group includes liquid-liquid (LL), solid-solid (SS), and liquid-solid (LS) transformations. LL and SS transformations are the separation of liquid and solid solutions. LS transformation is the crystallization of a liquid alloy as well as the precipitation of a dissolved substance from a supersaturated liquid solution. Such a division is due to the different physics of the nucleation process within these groups, i.e. different equations of equilibrium for a critical nucleus as well as growth equations for a postcritical one. These equations are common for the processes of the third group, so that LL, SS, and LS binary nucleation is the subject of the present theory. As a particular case, the nucleation of one-component precipitates from a binary solution is also considered.
Binary as well as multicomponent nucleation is described in the framework of the formalism of the multivariable theory of nucleation [8] which is a universal theory -it describes the nucleation processes in different systems according to the same algorithm [1, [9] [10] [11] . Taking into account any phenomenon leads to the appearance of the corresponding variable in the theory and thereby the accuracy of the process description is increased. E.g., the addition of droplet temperature to the theory of vapor condensation and the consideration of heat exchange between the droplet and vapor allow us to calculate nonisothermal effects in nucleation [1, 11] . Taking into account surface effects [12, 13] essentially advances the theory beyond the CNT approximation.
The classical work by Reiss [14] on binary nucleation can be considered also as the first work on the multivariable theory of nucleation; the basic concepts of the latter where introduced therein -the flux of nuclei in the phase space and the saddle surface representing the work of nucleus formation. The physical picture of nucleation was shown as the flow of nuclei in the saddle surface "gorge" through its pass. In the multivariable theory, a new-phase nucleus is described by the set of variables } { i X one of which, 1 X , is "unstable" ; it describes the nucleus size -V X = 
Reiss' work being an extension of the Zeldovich-Frenkel [15, 16] one-dimensional theory to binary case employs the microscopic kinetics; it operates with the probabilities ) (+ i w and ) (− i w of attachment and detachment of each kind monomers. This approach has become traditional for the binary-nucleation theory [17] [18] [19] [20] [21] ; in particular, its finite difference equations are convenient for numerical studies of nucleation [3, 4, 18, 19] . In contrast to it, the approach of macroscopic kinetics is used in the present theory, as in the previous works [1, [9] [10] [11] [12] . The advantages of this approach from the physical and analytical points of view were shown in Ref. [1] by the example of binary droplet nucleation. In particular, it is natural to use the fractions N N x i i / = as the variables of nucleus description [8, 22] , rather than the numbers i N ; the basic equations of the theory -the equations of equilibrium and growth equations -are formulated just in terms of i x , as shown below.
The basis of the offered approach is the equations of motion of a nucleus in the space } { i X . In the vicinity of the saddle point, they are linear [8] : An equation for the steady state nucleation rate was derived in Ref. [8] : -it is determined in the framework of statistical mechanical approach. This equation essentially corrects the preceding result by Trinkaus [23] ; it is invariant with respect to the space dimensionality and gives the result of the Zeldovich-Frenkel theory for 1 = n . Also, the derivation of this equation in Ref. [8] does not employ the simultaneous diagonalization of the matrices H and B , which is possible only if the matrix B is symmetric; therefore, Eq. (5) is applicable also to the cases, when the matrix B includes antisymmetric elements [10] .
The work by Russell [24] on nucleation in condensed phases should be also mentioned. The nucleation of a binary precipitate of a fixed composition is studied therein within the "shell model"; the variables of the theory are N , number of A atoms in the nucleus and x , number of A atoms in the nucleus' shell of nearest neighbors. In other words, the variable N relates to the nucleus, whereas x does not belong to it. As is seen from the above description of a multivariable theory, this model does not correspond to it. Therefore, Russell's model and the corresponding two-dimensionality seem artificial; the actual two-dimensionality appears, when both the variables describe the nucleus -N is the total number of atoms and x is the composition. When the fluctuations of nucleus composition are allowed, the problem becomes two-dimensional. The concentration of A atoms in the nucleus' shell of nearest neighbors is indeed an important quantity, however, it is considered within the present approach in connection with nucleus growth.
So, the LL, SS, and LS binary nucleation is studied here for the first time within the macroscopic approach. As is seen from the foregoing, the matrices H and Z are all we need to calculate the nucleation rate I . The consideration is carried out within the CNT approximation [12] : the nucleus properties are assumed the same as the properties of the bulk phase (the actual nucleus inhomogeneity and the surface effects are not taken into account). Accordingly, the surface tension σ is constant; with the same accuracy, the partial molecular volumes i υ are also constant. This approximation is justified as the first step in constructing the theory of binary nucleation in a condensed state; the aim of the paper is to show how the offered approach works in the given case. It should be noted that just this approximation is employed in the most of works on binary nucleation.
Nevertheless, the extension of the theory beyond the CNT approximation is also considered in Appendix, where the surface effects in binary nucleation are taken into account within the classical thermodynamics. Equations for adsorption and the dependences of surface tension on radius, temperature, and composition are derived. It is shown that all these dependences of surface tension are due to the nucleus inhomogeneity [12, 13] ; in particular, the dependence of surface tension on composition is due to adsorption (the difference in the compositions of surface layer and bulk new phase) and therefore it makes no sense to consider this dependence within the CNT approximation, where a nucleus is homogeneous and there is no adsorption.
The outline of the paper is as follows. The thermodynamics of nucleation is considered in Section 2.
The equations of equilibrium of a critical nucleus with the mother phase are derived, from which the critical radius and composition can be found. Section 3 is the kinetic part of the work: the macroscopic equations of diffusion growth of a one-and two-component nucleus are obtained here; the results of Section 2 are essentially used in these equations. In Section 4, the matrix Z and the nucleation rate are calculated for all cases considering in Section 2 as well as the obtained results are discussed. The summary of results is given in Section 5. In Appendix, the thermodynamics of surface layer is considered and equations for adsorption and the mentioned dependences of surface tension are derived; also, surface effects on the thermodynamics and kinetics of binary nucleation are discussed.
Equations of equilibrium for a critical nucleus
The new phase is denoted by α , the mother phase is β . The nucleation process is considered at constant temperature T and pressure β P ; the solution is supersaturated with respect to composition β x (the component A fraction). The Laplace equation and its differential form are essentially used below:
; asterisk denotes the critical value (it is omitted in equations of equilibrium for brevity).
Nucleation of a one-component precipitate from binary solution
Let component A precipitates. The chemical potential of component A in a non-ideal solution is
where β x and ) , , (
are the fraction and the activity of component A in the solution (the subscript A is omitted for brevity); the bar relates to pure component A. The condition of equilibrium
= of the precipitate with the mother phase in the differential form
at constant T and β P has the following form, in view of Eq. (6):
Eq. (8) means that the state of the system "nucleus + mother phase" changes while maintaining the equilibrium between them, i.e. the critical radius * R is adjusted to composition β x or vice versa. In other words, Eq. (9) is an equation for the dependence ) (
, from where, in view of Eq. (7),
where
is the composition of solution over the planar interface. This equation gives the desired dependence ) (
The quantity
For a regular solution,
where β ω is the characteristic parameter of the solution. Thus, Eq. (10) becomes
from where
The ideal solution approximation is obtained by putting 0
The same equation holds for a dilute solution. This is the familiar Ostwald-Freindlich equation; it gives
It should be noted that Eqs. (15) and (16) 
Nucleation of a compound from binary solution
Let the compound A n B m precipitates from a non-ideal solution of components A and B:
This is the chemical reaction
in the two-phase system. The condition of equilibrium for chemical potentials is obtained from Eq. (18) by replacing the symbols A, B, and C by the corresponding chemical potentials [29] :
The differential form of this equation,
where the point denotes the derivative with respect to 
from where the critical radius of compound nucleus for the given solution composition is found as
Eq. (22) is transformed to the following one: 
and Eq. (24) acquires the following explicit form:
Nucleation of a two-component precipitate
Differently from the previous case, here the nucleus composition is not fixed: first, the critical nucleus composition depends on its radius, ) ( * * R x α ; second, the composition can fluctuate around the critical value α * x , which makes the problem two-dimensional. The variance of this fluctuation will be given later. As in the previous cases, it makes sense to start with a non-ideal solution, since the activities are experimentally determined quantity. For the convenience of using the resulting equations of equilibrium in the subsequent kinetic equations, the symmetric form of thermodynamic equations with respect to both components is employed here; in particular, the fractions A x and B x are used:
The equation of equilibrium ) , , ( ) , , (
P and in view of Eq.
(6) gives
This is a Pfaffian equation [1] for the vector field
. The necessary and sufficient condition of its integrability by one relation ) , (
in view of the obvious equality to zero of the derivatives in the first two summands and 
It should be emphasized that these equations contain the partial volumes ).
With the use of Eq. (27), Eqs. (29a, b) become as follows: 
Eqs. (30) and (31) give the desired dependence ) , (
For large amounts of phases α and β , the equality
According to the definition of
Combining Eqs. (32) and ( solutions with the same structure of both the phases, where the phases differ from each other only by composition; just these conditions were employed by Prigogine and Defay [29] in the analytical description of this phenomenon. In the model of regular solution, the binodal and spinodal were calculated in Ref. [29] and thereby the metastable region between these curves was shown, where nucleation occurs. On the other hand, generally (30) 
This equation implicitly gives the desired dependence ) (
. The critical radius then can be found from any of Eqs. (30), say, the first:
For a regular solution, Eq. (36) acquires the following form:
Mother phase dilute with respect to A, nucleus dilute with respect to B
Differently form the previous case, the composition cannot be arbitrary here, so that the integration of Eq. (28) differs by choosing the initial state for component B. We have for the chemical potentials of both components in both the phases:
where by condition
and
is not a pure-component chemical potential.
Eq. (28) for component A is integrated in the same way, as above: from the initial state ( 0
has the same meaning, as before. As a result, we obtain Eq. (29a) which has the following form, in view of Eq. x at the 11 given L P and
x at the given L P and 
was put.
For the planar interface ( 0 = L P ),
These equations can be derived directly from Eq. (39) with the use of (43) up to quadratic terms.
In order to obtain the composition ) (
of critical nucleus, we take the logarithm of Eq. (41), then divide the first equation by the second one and denote
The critical radius is then obtained from Eq. (41) with the use of ) (
, as before.
The critical radius also can be obtained directly form the system of equations (41). We express α x from the first equation and substitute it to the second one; after transformations, one obtains 
The work of nucleus formation
The work of a near-critical nucleus formation is given by Eq. (1). The work * W of critical nucleus formation is given by the familiar Gibbs equation 
In the CNT approximation (a homogeneous nucleus with bulk properties), the matrix H is diagonal, when the composition x is used as a variable of nucleus description; it is non-diagonal, if the variables 
Transformations in solid state (SS) can create elastic stresses which affect the nucleation kinetics.
The work of nucleus formation in Ref. [1] and Eq. (48) resulting from it do not take into account this effect and therefore they can be applied only to the cases, where it is not essential. The detailed analysis of this phenomenon and the overview of works on this topic are given by Christian [31] . . It should be noted that the boundary condition
Equations of nucleus growth
is often employed in literature [25] .
However, there is a contradiction between kinetics and thermodynamics in this point: on the one hand, there is the flux of A atoms towards the nucleus, in view of the above inequality 
The growth of a precipitate from non-ideal solution
According to the thermodynamic theory of diffusion based on linear non-equilibrium thermodynamics [31, 32] , the driving force of a diffusion process is the gradient of chemical potential, rather than the concentration gradient. As a consequence, the dependence of the diffusion coefficient on concentration arises in a non-ideal solution [32, 33] :
is the activity employed above; the index A is omitted for brevity. For a regular solution, this
Integration of this equation, in view of Eq. (54), gives
The above boundary conditions
determine the integration constants:
The desired flux of A atoms towards the nucleus, in view of Eq. (55a), is 
It will be seen later that only the first (linear) term of the expansion
is sufficient for our purpose; 0 = y corresponds to the critical nucleus, 
This case corresponds to fast kinetics at the interface and slow diffusion in the bulk; the slowest process determines the growth, as before.
Just Eq. (60b) is usually employed in literature [25] for describing the growth from solution; the interfacial kinetics falls out from consideration. As is seen from above, the appearance of quantities i γ in the present theory is due to introducing the quantity i R c and employing the boundary condition
; just i γ allow revealing these limiting cases. In view of natural
, where a R is the atomic radius, the interface-controlled growth requires 
The equation for x & can be also represented as 
To get from Eq. (67) the derivative 
Nucleation rate of a compound
It will be seen later that we should differ the roles of components here; let A and B be solute and solvent, respectively, so that the growth of compound is determined by component A:
where the division by n means that n A atoms from their full flux contribute to the formation of one compound molecule of volume
; it is implied that the required m B atoms at once attach to the mentioned n A atoms in this process. The quantity ) (R x A e is given by Eq. (26): 
Nucleation rate of a binary precipitate

An equation for V & in this case is
since the expression in brackets is equal to zero, according to the familiar property of partial volumes [29] . So, the dependence of partial volumes on composition does not change basic Eq. (77a). [ ] The characteristic equation for the matrix Z is 0 det ) (
The negative root is
This quantity is substituted in Eq. (5) to get the steady state nucleation rate of a binary precipitate.
Kinetic limits
As is seen from the foregoing, the kinetics of binary nucleation in a condensed state within the CNT approximation is governed by the two parameters: VV z and xx which is the one-dimensional result. Indeed, a large value of xx λ means that any deviation of the nucleus composition from * x rapidly relaxes, i.e. the nucleus grows with constant composition * x . In other words, the problem becomes one-dimensional; the variable x falls out from consideration, only the variable V remains. Alongside with the case of compound nucleation, the given case also can be attributed to Russel's model [24] , although the physics in both these cases is different.
In the opposite limit 0 → These results agree with the general rule that the nucleation rate is determined by the slowest kinetic process in the system [1, [9] [10] [11] .
Similarly to nonisothermal effect in droplet nucleation [1, 11] , we can characterize the deviation from the one-dimensional nucleation kinetics by considering the ratio
Eq. (91) for xx λ allows us to determine some conditions for the above limits. It was mentioned above that xx h is large for a dilute precipitate ( 1 * x ), which is the thermodynamic limit; however, this precipitate grows from the mother phase dilute with respect to component A, i.e. . This case is similar to the nonisothermal limit in droplet nucleation [11, 12] ; we have 0 → ε , and the problem is essentially two-dimensional.
In addition to the nucleation rate I , the matrices H and Z determine the steady state distribution
. It allows us to calculate the mean steady state enrichment of nuclei with respect to one of the components [1] . This effect is a manifestation of two-dimensionality; it is more pronounced for small values of xx λ . The nucleus composition does not have time to relax and its systematic deviation from * x occurs in the steady state. The similar effect is the mean steady state overheat of droplets in nonisothermal condensation [1, 11, 12] .
Conclusion
The universal approach combining classical thermodynamics and the macroscopic kinetics of nucleus growth was applied here to the calculation of nucleation rates of precipitates in condensed binary solutions. Accordingly, the nucleation rate is expressed via thermodynamic (T , 0 x , The work of a near-critical nucleus formation in the ) , ( x V -theory is a quadratic form with diagonal matrix.
The cases of both unary and binary precipitates were studied. As a particular case of binary precipitates, the nucleation of a precipitate of fixed composition (compound) was considered, which is the subject of Russell' theory [24] ; this problem is solved here as a one-dimensional one. However, the most significant result of the present approach is the kinetics of nucleation of binary precipitates of a variable composition from non-ideal solutions, which is a two-dimensional problem. It is shown that the theory is consistent with Onsager's principle of symmetry of kinetic coefficients; also, the results are similar to those for a binary droplet nucleation [1] , despite the fact that basic equations are different. The nucleation of precipitates of a fixed composition is also possible here as a one-dimensional limit of the theory at a large value of the kinetic parameter xx λ ; the composition rapidly relaxes to its critical value, and a nucleus growth with composition * = x x in the CNT approximation (beyond this approximation, x relaxes to ) (V x eq -see Appendix).
Appendix: Surface effects in binary nucleation
Equations for the chemical potentials of bulk and surface phases
We consider the three-phase system consisting of new (bulk) phase α , mother (bulk) phase β and the surface layer between them which is phase σ (Fig. 2) ; the surface of tension [27, 34] is employed as a dividing surface. This finite-thickness layer method (which is an alternative to Gibbs' one) was developed in detail for curved interfaces by Rusanov [27, 28] . The fundamental equations for all these phases are given in Ref. [12] ; only some of them are needed for our purpose. Equation
is an analogue of Gibbs' adsorption equation; here 
In the state of full equilibrium, the equality
holds [12] ; its differential form
is used below for deriving the needed relations, as well as equation
, where T is the common temperature of the system in equilibrium.
The complex consisting of phases α and σ being in equilibrium with each other (but generally not in equilibrium with phase β ) is the density fluctuation (DF) [35, 36] within phase β ; its volume is by βσ V greater, than the nucleus volume V bounded by the surface of tension (Fig.2 ). 
Equilibrium of bulk phases
Relations between the compositions of coexisting phases
As is known, the composition of the nucleus surface layer differs from the composition of bulk phase α , i.e. adsorption takes place. The need to incorporate the phenomenon of adsorption into the nucleation theory was noted by Wilemski [38, 39] . The above fundamental equations for a surface layer together with the equations of equilibrium allow deriving equations for the surface composition 
Dependence of surface tension on the new-phase composition
Eq. (A1) is basic for determining the dependences of surface tension on different state parameters of coexisting phases. We replace 
It is of interest to consider the dependence 
In the limit of planar interface, this equation goes into Eq. (A13). T in Eqs. (A21)-(A23) is the DF temperature:
Surface effects on the work of binary nucleus formation
The second differential of the work with the surface layer contribution was calculated in Ref. [12] ;
for a binary nucleus, it has the following form:
where σ H is just the mentioned surface layer contribution. Droplet temperature is an important variable; it allows us to take into account nonisothermal effects in condensation [11, 12] . However, the heat conductivity in condensed matter is much higher, than in a vapor; thus, the temperature is not required as a variable of nucleus description and omitted below (it falls out from consideration as a result of the corresponding kinetic limit). From the above equations, the matrix of the work of binary nucleus formation in a condensed state is was derived at a fixed state of phase β [12] , which is marked by the subscript; it was assumed that the mother-phase state does not change upon the nucleus formation. shows that taking into account the adsorption phenomenon is naturally required, when the nucleation work is written with the surface term, whereas this is not the case for the CNT nucleation work, Eq. (48).
The quadratic form with the matrix H , Eq. (A29), can be identically transformed as follows: 
